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ps) , Abstract 

^ | We describe the semiclassical decay of a class of orbifolds of AdS space via 

Ph ' a bubble of nothing. The bounce is the small Euclidean AdS-Schwarzschild 

solution. The negative cosmological constant introduces subtle features in the 
conservation of energy during the decay. A near-horizon limit of D3-branes 
in the Milne orbifold spacetime gives rise to our false vacuum. Conversely, a 
focusing limit in the latter produces flat space compactified on a circle. The dual 
field theory description involves a novel analytic continuation of the thermal 
partition function of Yang-Mills theory on a three-sphere times a circle. 
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1 Introduction 

Flat space with one circular direction around which fermions are anti-periodic (thus 
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breaking supersymmetry) is unstable to decay to nothing [UI2|- The space is literally 
eaten up by an expanding bubble. In this paper we show how such catastrophes can 
occur in universes with a negative cosmological constant (A). Specifically, we show 
that a certain analogue of the flat space Kaluza-Klein vacuum, namely AdS space 
with a circle in it, decays via a bubble of nothing. 1 This raises the possibility that 
a highly non-perturbative and ill-understood process in gravity might have a simple 
explanation as barrier penetration in a dual field theory effective potential. 

In Sec. 2 we describe our false vacuum from three different perspectives. First, 
the space is a so-called "topological black hole" constructed by identifying global 
AdS 5 space along a boost 0. This non-supersymmetric orbifold is the analogue 
in five dimensions of a BTZ black hole (TO] in three dimensions. We suggest an 
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1 The relevant bubble of nothing solutions have been described in Charged bubbles have 

appeared in 0. The role of such instabilities in string theory, particularly in the context of a 
landscape of vacua has been explored in [S| . Properties of bubbles of nothing in diverse situations 
are studied in 0E]. 
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interpretation of the entropy of the black hole in terms of the dual boundary field 
theory and also compute the mass of the spacetime. We show that it can also be 
understood as a near-horizon limit of flat D3-branes filling the Milne spacetime, and 
as an alternative analytic continuation of global AdS space. We also demonstrate 
that focusing on the geometry near the horizon of this geometry leads to the flat 
space Kaluza-Klein vacuum, while focusing on the region between the singularity and 
the horizon produces the Milne spacetime again. 

In Sec. 3 we demonstrate that the AdS bubble of nothing described in [HI Ej me- 
diates the decay of the topological black hole. The bounce solution is simply the 
Euclidean Schwarzschild black hole. Famously, there are two such black holes at any 
temperature exceeding a certain bound, roughly speaking one larger and one small 
than the AdS scale. The minimum temperature translates in our setting into ab- 
solute stability of topological black holes with a circle that exceeds a certain size. 
Further, only the smaller Euclidean black hole has a non-conformal negative mode 
and hence this provides the required bounce. A semiclassical decay of this kind re- 
quires conservation of energy. Because the Lorentzian spacetimes in our setting are 
time-dependent, total energy is not conserved, but we are nevertheless able to show 
that in order for the decay to happen the nucleated bubble will have to be accompa- 
nied by a bath of energy making up the instantaneous mass difference between the 
topological black hole and its decay product. This is an important difference com- 
pared to the decay of the flat space Kaluza-Klein vacuum and arises because of the 
peculiar properties of space with a negative cosmo logical constant. 

While our discussion is complete as a description of the decay of five dimensional 
spaces with A < 0, in string theory the presence of an additional S 5 compactification 
manifold introduces a subtlety. In this context, we explain that it is expected on 
entropic grounds that the small Schwarzschild black hole localizes in the S 5 via a 
perturbative instability. In the flat space focusing limit described in Sec. 2, this 
perturbative instability is essential. In this limit, the complete spacetime becomes 
R ,s x S , which decays [2] via an eight dimensional bubble of nothing. Our bounce 
would lead to a four dimensional hole in spacetime which is spread out evenly over 
the remaining four non-compact dimensions. The localization instability is precisely 
what is required to produce the correct minimum action instanton. 

The decay that we describe should manifest itself as a tunneling process in a 
suitable effective potential in the dual field theory living on the boundary which is 
here three-dimensional de Sitter space times a circle (with anti-periodic boundary 
conditions on the fermions). The flat space limit that we describe should give a field 
theory realization of the classic instability of the Kaluza-Klein spacetime. The basic 
challenge, which we have not solved, is to compute the appropriate effective potential, 
particularly given the large 't Hooft coupling and the lack of supersymmetry. Because 
the Euclidean spacetimes in question are simply thermal AdS and the Schwarzschild- 
AdS black holes, what we seek is simply a novel analytic continuation of the effective 
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potential of thermal N = 4 Yang-Mills on a sphere which also describes the famous 
Hawking-Page transition. Here we restrict ourselves to comments on how some known 
results in the literature may apply. 

We also describe a much more general class of AdS orbifolds which are related 
to flat space fluxbranes, and describe how these should also decay to nothing. Brief 
appendices describe how flat limits of AdS quotients are obtained, and brane probes 
of our spacetimes. 

2 The false vacuum 

The flat space Kaluza-Klein vacuum (R 3 ' 1 x S* 1 ) that decays to nothing in [2] can 
be thought of as an orbifold of R 4,1 . Thus a natural candidate for a false vacuum 
undergoing such a process with A < would be a non-supersymmetric orbifold of 
AdS 5 that creates a non-contractible circle. We study one such orbifold, the topolog- 
ical black hole of [Hj. As we will see, there is a flat space limit of this space that is 
precisely R 3 ' 1 x S 1 , making it a natural candidate for a decay to nothing. 

2.1 The topological black hole as an orbifold 

The five dimensional topological black hole studied in [0] is an orbifold of AdS space 
obtained by identification of points by the action of the Killing vector 

f = Tp^OA + x 5 d A ) , (1) 
where one describes AdS as the universal covering of the surface 

in R 2 ' 4 . Since the norm of the Killing vector can be negative, the resulting spacetime 
has closed timelike curves [3 El- These regions are excised, leading to a spacetime 
that is interpreted as a black hole in precise analogy to the BTZ black hole in three 
dimensions [10J. The null hypersurfaces separating the regions of positive and negative 
norm of £ become singularities as timelike geodesies end there in finite proper time. 
Thus the curvature is locally trivial, but the global causal structure is that of a black 
hole (see Fig. 1 and P). 

Specifically, the singularities occur at the surfaces £ 2 = 0, which are represented 
by the two disconnected branches of a hyperboloid: 

S f : x = ^R 2 AdS + x i + x2 2 + x h ( 3 ) 
S p : x = -^Rl AS + xl + x 2 2 + xl (4) 
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Figure 1: The topological black hole. The surfaces S/ iP are future and past singulari- 
ties where timelike geodesies end. Infinity is connected and is topologically S 3 x S l x R 
where R represents time. Hf is a future horizon - light rays from the region interior 
to Hf cannot reach infinity. (For details on the causal structure, see |H1IE])- 
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The Killing vector £ is timelike in the causal future of Sf and in the causal past of S p , 
and it is these regions which will contain closed timelike curves and are removed. The 
horizons occur on the surface £ 2 = r?, which gives rise to two null cones, connected 
at the apex: 



H f : x Q = Jxl + xj + xj, (5) 



H p : x = -y xj + xj + xj. (6) 

Hf is a future horizon, but because infinity is connected the lower cone does not 
represent a true horizon (see the Penrose diagrams in [§| and discussions in jS]). 

A global description of the topological black hole is achieved by parametrizing 
global AdS space (J2J) as 0: 

*" = ^V, ^ = 0,1,2,3 
1 - y 2 



X4 = r sinn — \ j 

r+ -KAdS 

^Ads , r + 

x 5 = r cosh — x j 

r+ KAdS 



(7) 



l + y 
r-u— 
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y-v 2 ' 

where y 2 = y^ y v 7]^ v is the lorentzian norm and all {y^} are non-compact coordinates 
subject to the constraint — 1 < y 2 < 1. In these coordinates the AdS metric is 

dg 2 = <iS (r + } 2 dy , dy u + ^2 (g) 

while the Killing vector of the identification is £ = d x Thus, the topological black hole 
arises by identifying x ~ x + 27r in (jHJ). This Kruskal-like coordinate system covers the 
entire spacetime between the connected boundary at infinity and the singularities. 

In this coordinate system r —>■ r + at the horizon, where the proper size of the \ cir- 
cle becomes 27rr + , giving a physical meaning to the orbifold identification parameter 
in The conformal boundary of the spacetime is reached as y 2 — > 1. The cor- 
responding equation, 1 = y 2 = y tl y u r]^ ll ,, defines a unit curvature three dimensional 
de Sitter spacetime. Thus (JH)) shows that the conformal boundary of the topological 
black hole is three dimensional de Sitter space times a circle, dS 3 x S 1 : 

98 = ^f- g d s* + d X 2 ■ (9) 

We have conformally rescaled the boundary metric by r 2 . The ratio of the AdS scale 
to r + will be a physical scale parameter in the dual field theory. The area of the 
horizon at y 2 = is 

^Horizon = 327T 2 -R Ads r (10) 
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Unusually, this grows with time yo > 0. A possible interpretation in the dual field 
theory is as follows. Since the dual is defined on de Sitter space, the expansion 
of the geometry will constantly stretch modes from the UV into the deep infrared. 
Hence, local CFT experiments done within a finite sized box will have access to fewer 
and fewer modes as time passes. Given the usual AdS/CFT relation between the 
deep interior of spacetime and the deep infrared of the dual theory, the stretching 
of CFT modes by the geometry should correspond to the increasing horizon area. 
An alternative interpretation is given by Ross and Titchener who argue that the 
meaningful entropy relation here is actually between the cosmological horizon seen 
by the inertial boundary observer and an analogous construct in the bulk jHJ. 

Another convenient coordinate system that covers only the exterior region of the 
topological black hole (0 < y 2 < 1) is [9 : 



ds 2 



E>2 

-"-Ads 



■dr 2 + (r 2 



.^2 + ^|ds cosh2 



r+t 



R 



dQ, 



Ads 



+ r 2 dx 2 



This "Schwarzschild" coordinate system has the attractive feature that it foliates the 
spacetime with equal radius slices that are conformal to de Sitter space times a circle. 
Hence the dS^ x S 1 structure of the conformal boundary at r — > oo is evident. 

Finally, de Sitter space can be written in coordinates appropriate to a static 
observer in this accelerating geometry (see |T2] for a review). After rescaling time by 
r + /R and transforming to such static coordinates the topological black hole metric 
becomes 



ds 2 



£> 2 

-"-Ads 



■dr +(r — rl 



, -^Ads 



[1- P 2 )dt 2 
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dp 2 + p 2 d9 2 )+r 2 d X 2 (12) 



where < p < 1 and < 9 < 2n. This static metric does not cover the full exterior 
of the topological black hole. On the boundary it is the metric appropriate to an 
inertial boundary observer. Note the cosmological horizon seen by such an observer 
is at p = 1. The corresponding entropy is related to a bulk horizon area in jH]. 

It is straightforward to embed the above discussion in Type IIB string theory. 
Since the topological black hole is locally AdS 5 , its direct product with a five sphere, 
along with a constant dilaton and self-dual five form Ramond-Ramond flux solves 
the type IIB equations of motion. (Appendix B constructs the relevant flux while 
exploring brane probes of this spacetime.) Following the analysis in IT!] , the 
boost orbifold (JTJ breaks all supersymmetry. In addition, the S 1 admits both periodic 
and antiperiodic boundary conditions for fermions. We will be interested in the anti- 
periodic case, because we will only find an instanton for tunneling to nothing in this 
situation. 
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2.2 Branes on the Milne spacetime 

The topological black hole can also be obtained as a near horizon limit of N D3-branes 
filling the boost orbifold R 1 ' 1 /Z. The metric describing N coincident D3-branes is 

g = H-^ 2 ds 2 (R^) + H 1 / 2 ds 2 (R (i ) , 

where if is a harmonic function in R 6 . Orbifolding by a boost on R 1 ' 3 does not change 
this metric locally. Thus N D3-branes filling R 1,1 /Z are described by 

g = H- 1 ' 2 [ds 2 (R 1 ' 1 /Z) + ds 2 (R 2 )] + H 1 ' 2 ds 2 (R 6 ) . 

By construction, the near horizon geometry of this space will be a boost orbifold of 
the Poincare patch of AdSs x S 5 : 

g = [ds 2 (R^/Z) + ds 2 (R 2 )] + % dr 2 + R 2 AdS g s s . (13) 

Following the discussion in the appendix of ^1] based on this can be extended 
to an orbifold of global AdS space. 2 By comparing the generator of the orbifold 
identifications, it is easy to show that the global spacetime is precisely the topological 
black hole. 

The patch (|13|) covers an unusual region of the topological black hole that coincides 
neither with the Kruskal nor the Schwarzschild regions described above. Specifically, 
the quotient R 1 ' 1 /Z is described by two charts 

ds 2 (R 1 ' 1 /Z) = -d X 2 + X 2 dip 2 t 2 > x 2 , (14) 

where {t, x} stand for the cartesian coordinates in R 1,1 , and by 

ds 2 (R 1 ' 1 /Z) = d X 2 - X 2 dip 2 x 2 > t 2 . (15) 

This second chart covers a region with closed timelike curves since ip ~ ip + 2tt after 
the orbifold identification takes place. Therefore it is excised from the spacetime to 
give rise to the topological black hole. 

Since our spacetime arises as the near-horizon limit of a stack of D-branes whose 
worldvolume is identified, the dual is expected to be precisely an N = 4 SU(N) Yang- 
Mills theory on the boundary. 3 The Poincare patch region that arises naturally from 
the near horizon construction has a boundary which is Milne space times a circle. 
This will be conformal to a patch of the dS3 x S 1 global boundary. 

2 In flat space all boosts are equivalent, but in AdS space this is not precisely true. This is why 
the results of ^Hl^DE] are needed here. 

3 Since open strings do not have twisted sectors we do not expect additional degrees of freedom in 
the theory and since the transverse space is left alone, there will not be any image D-branes to deal 
with. Supersymmetry will be broken by the boundary geometry, curvature couplings and fermion 
periodicity. 
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2.3 Euclidean continuation 



Another interesting feature of the topological black hole is that its euclidean contin- 
uation is simply thermal AdS (this was also observed previously in |17j). This will 
imply a connection between thermal N = 4 Yang-Mills and the physics of the decay 
of the topological black hole. 

We can continue the Kruskal metric (JHJ) to Euclidean signature as y° —>■ ix. This 
automatically maps the dS3 x S 1 Lorentzian boundary to S 1 x S 3 since the Euclidean 
section of de Sitter space is simply a round sphere. The metric for the euclidean 
topological black hole becomes 



dx 2 (1 + x 2 ) 2 

g Etop = (2R AdS ) 2 - _ + r\ ^ 2 d X 2 . (16) 



where we replaced the t/ 1,2,3 in (JHJ) by x 1 ' 2,3 . Now change coordinates as 

cosh p = , x 1 = (cosh p) 1//2 x l , 

1 — x 2 

where {x 1 } parameterise a 3-sphere. In these coordinates (|16J) becomes 

fl-Etop = R 2 Ads ( d P 2 + sinh - 2 P9s*) + r l cosh 2 pdx 2 ■ (17) 

This is precisely thermal euclidean AdS with r + = i?Ads P, where (3 is the standard 
1/T period in thermal physics. Thus, temperature in the thermal AdS interpretation 
is identified with the inverse of the radius of the circle in the topological black hole 
evaluated at the horizon. 

Going the other way, we can recover the Schwarzschild coordinates for the topolog- 
ical black hole by a novel analytic continuation of thermal AdS. Analytically continue 
an azimuthal angle (8 — > it) in Q17j) . The 3-sphere in thermal AdS then becomes 3d 
de Sitter space and the overall metric is 

g = r 2 cosh 2 pdx 2 + R 2 AdS (dp 2 + sinh 2 p g dS s) . (18) 

The further transformation r = r + cosh p combined with the rescaling t = rR/r + 
yields the Schwarzschild coordinates (jllj) for the topological black hole. 



2.4 Focusing limits 

Given a locally AdS space one can construct limits that focus onto small regions of 
the geometry to arrive at locally flat spacetimes. Such flat limits of global AdS space 
always lead to global Minkowski space. Flat limits of AdS quotients can, however, 
lead to different results. Mathematically, a focusing limit results in a contraction 
of the symmetry algebra and the different contractions lead to different locally flat 
spacetimes. This is discussed in greater detail in Appendix A. Using these results 



it can be shown that the topological black hole (JHJ) must have two inequivalent flat 
limits. This is because, using Appendix A, the boost generator (JTJ) belonging to 
so(2,4) can give rise to either a boost in so(l,3) ix R 1,3 or to a translation belonging 
to the same algebra, in the flat limit Ra<is ~~ > oo. Below we will construct these 
focusing limits explicitly in terms of the spacetime metric and show that one leads to 
the Milne orbifold, and the other to the 5d Kaluza-Klein vacuum. The latter limit 
indicates that at least locally the spacetime admits an instability to nucleate a bubble 
of nothing. 

2.4.1 Kruskal coordinates 

In Kruskal coordinates (jHJ) consider the scaling limit 

i?Ads^oo ; y^J^— ■ r + ,r,X fixed (19) 

^AdS 

(The second of these equations should be understood as a coordinate transformation 
followed by a scaling of -RAds-) The metric becomes that of the Kaluza-Klein vacuum 4 

g^g{^)+rld X 2 ■ 

In this scaling limit r — > r + ; so it can interpreted as focusing onto the horizon of the 
topological black hole. Thus, the geometry close to the horizon is the Kaluza-Klein 
vacuum. If we choose anti-periodic boundary conditions for fermions around the circle 
in the geometry, we should (at least locally) expect a semiclassical instability 

An alternative flat limit breaks the manifest Lorentz covariance in Kruskal co- 
ordinates (J7J). That is, {y^ 1 } = {y°, y} scale differently in the limit i?Ads — ► oo: 

Ra<is -> oo , r + -> oo , finite 

y° — > 1 , y — > ; t, z fixed 

-fiAdS -KAdS 

Since — ^ 1 and y — > in this limit, we can interpret this as focusing on the vicinity 
of the singularity. The scaled metric is 

g^-dt 2 + df+(-^t) dct>\ (21) 

which describes the Milne boost orbifold IR 1,1 /Z, in the region where there are no 
closed timelike curves. 



l The scaling limit on the S 5 in the Type IIB geometry leads to R 5 in the standard way. 
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2.4.2 Schwarzschild coordinates 



It is useful to present the focusing limit that yields the Kaluza-Klein vacuum in 
Schwarzschild coordinates pijl . Make the coordinate transformations 

r = r + cosh — — ; r = (22) 

-KAdS -KAdS 

in and take the limit Ra&s ~^ 00 while holding r + ,t and x fixed. The metric 
becomes 

ds 2 = dp 2 - p 2 dr 2 + p 2 cosh 2 rdVt 2 + r 2 + d X 2 . (23) 

The further change of coordinates r = p cosh r, t = p sinh r gives the metric ds 2 = 
—dt 2 + df 2 + r 2 dQ2 + r+dx 2 which is precisely the flat metric on R 1 ' 3 x S 1 . 

A scaling limit leading to Milne space will not be possible in Schwarzschild coor- 
dinates since these only cover the region outside the topological black hole horizon 
while, as we saw, the Milne spacetime arises from focusing near the singularity. 



2.5 Mass 

In asymptotically AdS spaces it is convenient to construct the charges of the spacetime 
(mass, angular momentum etc.) in terms of a boundary stress tensor fHJ El], since 
this formulation will agree with corresponding quantities in the dual field theory. To 
compute masses, the time-time component of this stress tensor is integrated over the 
equal time boundary slice. The computation follows the methods in JH] and can be 
found in Appendix C. (Also see the stress tensor computations in [IZj.) The masses 
we compute will be dimensionless because we are working with a dimensionless time. 
The mass with respect to Schwarzschild time is 

M t s ? T = -^Rl dS r + cosh 2 ^ (24) 

This is time dependent because dt in Schwarzschild coordinates is not a Killing di- 
rection. Working in static coordinates (jl2)) we can arrive at a notion of conserved 
mass, which is associated to a conserved energy measured by an inertial observer in 
the dual CFT. This gives 

i^O = -^#A*r+ (25) 

Later we will compare these masses to those of the spacetime resulting from the 
semiclassical decay. Since the boundary of our spacetime is topologically different 
from that of global AdS space, a comparison between their masses is meaningless. 
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3 Semiclassical instability 



Following [H El EHj , a semiclassical decay in gravity is computed by the method of 
Euclidean bounces. The idea is to look for a saddlepoint to the Euclidean equations 
of motion that has the same boundary asymptotics as the Euclidean false vacuum. 
If such a solution exists, and has a negative non-conformal mode (a fluctuation that 
decreases the Euclidean action), it provides an instanton for decay of the false vacuum. 
The Lorentzian semiclassical description of the process is obtained by cutting open the 
Euclidean bounce on an equal time slice (say t = 0) and then analytically continuing to 
Lorentzian signature. The resulting expanding bubble simply replaces the t > part 
of the false vacuum solution. This describes the sudden appearance of an expanding 
bubble in spacetime. 

Tunneling in pure gravity has a somewhat different character from field theory 
since there is no potential in configuration space making it easy to identify the "false" 
and "true" vacua. One important subtlety concerns the meaning of requiring that 
a solution in gravity satisfies a set of boundary conditions. In gravity, because of 
reparametrization invariance it is not strictly meaningful to simply require that the 
boundary metric approaches a specified form. The rate of approach is also crucial, 
to guarantee asymptotically flat (or AdS or dS) boundary conditions. In addition, 
encoded in the rate of approach are the conserved charges of the spacetime. Since we 
know that quantum tunneling cannot change the conserved charges, we should check 
that bounce solutions have the appropriate falloffs at infinity. If such an analysis 
shows that energy is not conserved, the tunneling process can only happen if it is 
accompanied by nucleation of other matter to make up the deficit. Below we will 
use these methods to show that the topological black hole described in the previous 
section decays by tunneling to a bubble of nothing. 



3.1 Decay of the topological black hole 

Following the discussion above, the bounce we seek is a Euclidean spacetime with 
the same asymptotic geometry as the Euclidean continuation of the topological black 
hole. In Sec. 2.3 we showed that the latter is simply the thermal AdS geometry 
the boundary of which is topologically S 3 x S 1 . Another spacetime with the same 
boundary is the Euclidean AdS-Schwarzschild black hole. 
The Lorentzian AdS-Schwarzschild black hole is 



ds 2 



-"-AdS 



1 + 



-"-AdS 



-1 



dr 2 + r 2 dttj 



(26) 



with a horizon at r\ 



is 



ds 2 



K>2 

AdS 



1 + 



-1 + A/1 + 



Ar 2 

w — 



R2 

-"AdS 



dx 2 + 1 + 



Its euclidean continuation t — > —i\ 



dr 2 + r 2 dnj . (27) 



-"AdS 
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To avoid conical singularities we identify 



X ~ X + 



2ttR 2 aas r h 
K + R 2 AdS 



(28) 



Clearly, as r — > oo the boundary is topologically S 3 x S 1 . Requiring (|27)l to also have 
the same asymptotic geometry as thermal AdS (or the euclidean topological black 
hole) relates the horizon radius to r + , the scale of the circle in (jl8j) . Either by 
matching periodicities, Ax topo i = A ( XEu ^' A ^ chw - j , or by matching the ratio of the size 
of the S 3 and the S 1 at infinity 



Radius of S 1 



Radius of S" 



Radius of S 1 



topological 



Radius of S" 



as r 



oo, 



Schwarzschild 



we learn that 



f? 2 

n AdS 

4r , 



1 ± 



R 2 



If the size of the circle at the horizon of the topological black hole 



(29) 



is larger than 



2^2 



there is no real solution to (}2T?|) . This is the well-known statement 



RAdS 
(»■+)» 



that AdS Schwarzschild black holes only exist for temperatures above T 
Alternatively, the range of values for the periodicity of Euclidean time that are ad- 
mitted by (j2Ht has an upper bound. 

When r + < (r + ) max there are two geometries (|2*7j) . the small and large AdS- 
Schwarzschild black holes, corresponding to the two solutions of (J29)) . These coin- 
cide when r + = (r + ) max . The small AdS black holes have negative specific heat, 
whereas large ones have positive specific heat leading to very different thermody- 
namic properties. For our purposes, the essential point is that the small euclidean 
AdS-Schwarzschild black hole has a non-conformal negative mode PQE], making it a 
candidate bounce. The large black hole by constrast does not have a negative mode 
and cannot mediate a semiclassical instability despite having the same Euclidean 
asymptotics as our false vacuum. Formally, in a flat space limit analogous to the 
ones in Sec. 2.4 (i.e., i?Ads - ► 00 with suitable rescalings of coordinates) the small 
black hole goes over to the standard Schwarzschild spacetime while the large black 
hole grows to infinite size. Thus it is natural to expect that in this limit, following 
[2], the small AdS black hole will be one mediating a decay. 

In summary, when r + > (r + ) max , there is no bounce solution. The topological 
black hole in this range of parameters is semiclassically stable. In addition, the circle 
X in the Euclidean Schwarzschild spacetime is contractible, and so fermions must 
be anti-periodic around this circle. By contrast, fermions can be either periodic 
or anti-periodic around the x direction of the topological black hole. If they are 
periodic, this space is again stable against semiclassical decay for any value of r + . 
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With anti-periodic boundary conditions, when r + < (r + ) max the small Euclidean 
AdS-Schwarzschild geometry gives rise to a bounce. 

According to the general theory of semiclassical vacuum decay, the false vacuum, 
i.e. the topological black hole in our discussion, decays into a real on-shell lorentzian 
spacetime which agrees with the euclidean bounce, i.e. the euclidean continuation of 
the small AdS-Schwarzschild black hole, on a fixed hypersurface that can be regarded 
as the "origin" of time r = after the quantum tunneling process takes place. Here, 
to use this prescription we take the S 3 sphere in f!27|) and parameterize it as 

dtt 2 3 = d9 2 + sin 2 9 dttj . (30) 

The hypersurface defined by 9 = | will become the aforementioned r = surface. 
Consider the analytic continuation 9 — > | + ir: 

ds 2 = (i + j£__rf \ d X 2 + (l + ^-~ r 4) 1 dr 2 -r 2 dr 2 + r 2 cosh 2 rdQ 2 2 . 

(31) 

This is simply the small bubble of nothing solution constructed in Because of 
the time dependence of the size of the boundary S 2 , a coordinate independent notion 
of boundary time is given by the ratio of the size of the S 2 and the S 1 as r — > oo. 
This gives a way to unambiguously identify the instant when a transition occurs by 
matching this ratio computed in the topological black hole and the bubble. Although 
we have above chosen the r = slice to perform such a matching, any other instant 
would in principle do. Although the boundary times can be matched in this way, it 
is less clear how to match the slices in the bulk since a given boundary time can be 
extended in many ways into the bulk. 



Localization: In IIB string theory AdSs is always accompanied by some other 
five dimensional compactification manifold M. The most symmetric situation occurs 
when M is a 5-sphere. In this case it is expected that the small AdS-Schwarzschild 
black hole (which is smeared out over the S 5 ) is unstable to localization onto the S 5 in 
analogy with the Gregory-Laflamme instability for black strings [22] 5 The argument 
for the instability can be made on entropic grounds - the black hole localized in 10 
dimensions will have a higher entropy than the 5d holes that we have considered |24j . 
In fact in the flat space limits described in Sec. 2.4 such a localization is necessary in 
order to reproduce the known instability of the flat Kaluza-Klein vacuum in R 8,1 x 
S 1 dimensions for which the bounce should be the 10 dimensional Schwarzschild 
spacetime [2]. 

5 There is some evidence that the Gregory-Laflamme instability produces inhomogeneous black 
strings rather than localized black holes (see (22| and references thereto). In analogy, this sort 
of instability of small AdS black holes might produce a horizon that is spread over the S 5 in an 
inhomogeneous way. 
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3.2 Energy conservation 

Since our false vacuum does not have any globally timelike Killing vectors, energy is 
not conserved, as we see from the time-dependent mass measured in global boundary 
coordinates (j23| . However, as we discussed, the boundary de Sitter geometry can also 
be written in the static coordinates appropriate to an inertial boundary observer, 
leading to the constant mass (|25p. There is no contradiction between these two 
quantities, even though only one is time-dependent, because they are measuring the 
eigenvalues of different Hamiltonians. We require that during a quantum tunneling 
event energy must be conserved. In the present context, this means that in static 
boundary time we ask whether the bubble of nothing and the topological black hole 
have equal masses. In global boundary time, we should match the instant of tunneling 
as described above and then ask whether the masses coincide. 

Again following the techniques in [TH| ITU] as reviewed in Appendix C, one finds 
that using global boundary time (j31|) the small bubble of nothing has a mass 6 

M bubble = -^-r h (2r 2 h + R 2 AdS ) cosh 2 r (32) 



This should be compared to global time topological black hole mass f)24j) . The time 
r + t/R Ads i n f|24j) should be regarded as being the same as r in order to match the 
boundary geometries. Then on any equal time slice r = r+t/R^ds, h is eas Y to show 
that M bubble < Mgf™. 

For simplicity, consider the t = r = surface. Then, using (|29|) for the small 
bubble of nothing we get 



^ = -^^11-^1-^-1 • ( 33 ) 



8G 16ri V R\. 



It is easy to show that this is always less than the mass of the topological black hole 
in the range of 8r^/i? AdS < 1 where the bubble of nothing exists. For simplicity, 
expanding the square root when this ratio is small we find that on the t = r = 
surface 

^global _ M Schw ^_ 3 _ 5?F r + , < /i^Schw (oa\ 

iW bubble — iW topol 2G 2G R\ " to P o1 ' ^ ' 

Writing the de Sitter factor on the boundary in static coordinates as in ()12j) we find 
that the mass of the bubble measured by an inertial boundary observer is 



= (H + R lds ) = (l - ^ - |g- j . (35) 

This is always less than the corresponding topological black hole mass (J2*5j) since both 
differ by a numerical factor from the measurement on the global t = r = slice. 

6 The masses we compute will be dimensionless because we are working with a dimensionless time. 
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Because our false vacuum has a higher mass than the bubble of nothing, the decay 
will only proceed if it is accompanied by the nucleation of sufficient energy to take 
up the mass differences computed above. This excess energy can be in the form of a 
thermal gas of appropriate temperature. We can imagine dressing the bounce solution 
with a spherically symmetric distribution of matter localized near the Euclidean origin 
and the backreaction of this matter will adjust the asymptotic falloff of the metric in 
the correct way to yield a space of the correct mass. It is interesting to consider how 
the added matter would modify the time evolution of the Lorentzian bubble after 
it is nucleated. Note that the large bubble of nothing has a mass that is less than 
that of the small bubble. Therefore there is no instanton for the spontaneous decay 
of this spacetime. However one could imagine exciting matter in the large bubble 
background, providing the excess energy that would then permit tunneling to the 
small bubble. 

The decay of the flat space Kaluza-Klein vacuum did not have to contend with 
these energy conservation subtleties [2] even though the bubble of nothing there was 
constructed in a very similar way, namely by analytically continuing a Schwarzschild 
black hole. This is because in flat space the circle remained of constant size everywhere 
in the false vacuum. Therefore, the space only had four large dimensions at infinity 
and the analytic continuation of a 5d Schwarzschild black hole had an asymptotic 
falloff in its metric (~ 1/r 2 ) that was too rapid to affect the mass of the 4d bubble. 
Thus, both the false vacuum and the bubble of nothing had the same mass. By 
contrast, in our case, the negative cosmological constant forces the circle in the false 
vacuum to grow in size towards infinity, leading to an asymptotically five dimensional 
geometry. Hence, the analytic continuation of the 5d AdS-Schwarzschild black hole 
has a falloff in its metric that is sufficient to make a contribution to the mass. This 
leads to a mass difference compared with the false vacuum with which we started. 

3.3 Euclidean actions of the relevant spaces 

The decay rate of the false vacuum will depend on the difference in actions between 
the Euclidean false vacuum and the bounce solution [20] • To study this we compute 
the actions of these spaces using the counterterm method of JH]- The lorentzian 
actions are then given by 

1 = -i^g L (* - S - ^ L d ' x ^ e + (36) 

where 7 is the boundary metric and G is the trace of the extrinsic curvature on the 
boundary. I ct is the counterterm action added to obtain a finite stress tensor as in 
[T%1 H$j . To find the false vacuum action we recall that the euclidean continuation 
of the topological black hole is thermal anti-de Sitter space (fTTj) with temperature 
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Figure 2: Action of the Euclidean Schwarzschild black hole as a function of x = 
Vh/R\ds where the periodicity of Euclidean time is set by in terms of by (J2EJ). The 
small black holes have x < 1/ y/2 while the large black holes have x > 1/ y/2. We have 
set 37r 2 J R| dS /16G' = 1. 



rp _ 1 _ ;RAds_ rp^g Euclidean action is 7 

E 371 " 2 2 

-^Topol. = Xg^"^ Adsr+ ' 

The action of the bounce, namely the Euclidean Schwarzschild black hole (|27|). is 

_ 7r2 - R AdS X / 3 2 _ A /oo\ 

where x = j^j^- The actions are displayed in Fig. 2. It is easy to show that for 
any given temperature (or Euclidean time periodicity) the small black hole has an 
action that is greater than that of the large black hole. (At a given temperature there 
will be two solutions for corresponding to large and small black holes and the 
corresponding points in Fig. 13.31 are at different heights.) As discussed by Hawking 
and Page [21], this implies that the large black holes dominate over the small ones 
in the contribution to the Euclidean path integral, or equivalently in the canonical 
ensemble for thermal AdS spacetimes. 

Since we have a relation between the parameters r + and from the matching of 
the boundaries, we can compare the actions of the false vacuum and the Euclidean 

7 We have chosen sign conventions so that action differences between spacetimes will have the 
same signs as the conventional background subtraction calculations in |21j . 
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Figure 3: Action difference between the Euclidean Schwarzschild black holes and the 
false vacuum as a function of x = rh/RAds- The bounce solutions, corresponding to 
the small black holes, arise for x < l/y/2. We have set 37r 2 R 3 AdS /l6G = 1. 

Schwarzschild black holes with the same boundary (Fig. 3). The action of the small 
Schwarzschild black hole (x < l/y/2) is always larger than the action of the false 
vacuum, but the relative sizes of the actions of the large black hole and our false 
vacuum depend on the parameter r+. In the context of the canonical ensemble for 
global AdS space, this was interpreted as saying that at moderate temperatures the 
Euclidean path integral is dominated by thermal AdS, while at high temperatures the 
large black hole dominates. (Recall that at low enough temperatures, the only sad- 
dlepoint is thermal AdS.) In these discussions the small black hole never dominated. 
However, in our context, where there is no thermal bath, the small black hole, which 
is known to have a negative mode, is the instanton mediating the decay of the false 
vacuum. The action difference between the small black hole and the false vacuum 
then provides the decay rate of the latter, following [T| l2| l20|. 

Flat space limit: It is easy to show that the action difference between our false 
vacuum and our bounce diverges in the flat space limit after accounting for the fact 
that the 5d Newton constant and the lOd Newton constant are related as G5 ~ 
Gio/-R AdS . This is consistent, because, as discussed in Sec. 3.2 in the presence of an 
additional S 5 , we expect an instability for our bounce to localize onto the sphere. 
In the flat-space limit we should expect this localization to reproduce the correct 
instanton. Without it, our bounce becomes a five dimensional black sheet in the 
flat space limit. Another way of saying all this is that the expected existence of 
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a localization instability tells us that our bounce, when embedded in AdSs x S 5 
must have additional negative modes that can reduce its action. Condensing these 
additional negative modes will produce the true minimum action bounce solution 
which will be appropriately localized. 

4 Discussion 

Fluxbranes: This paper described an instability of a particular boost orbifold of 
AdS space. In fact, it is easy to see that our methods apply to a much wider class of 
spacetimes. In flat space, fluxbranes are a famous class of unstable compactifications 
(see 123123 and references thereto). These are quotients of Minkowski spacetime in 
which the identification of points is along a translation plus a simultaneous rotation 
on a transverse space 8 

£ = r + d x + Rij , 

where stands for a rotation in the r/'-plane. Generically, the fluxbranes break 
supersymmetry and are well-known to decay semiclassically (23 EHl EZj . But, using 
our previous discussions, it is possible to exhibit AdS orbifolds that reduce to the 
fluxbranes in scaling limits that generalize Specifically, consider the quotient of 
AdS generated by a deformation of the Killing vector (P) that was used to make the 
topological black hole: 

£' = tt— (^4<9 5 + x 5 d 4 ) + 6 (xidj - Xjdi) . 

-riAdS 

Here both {i, j} stand for spacelike dimensions in R 2 ' 4 transverse to x 4 . Taking the 
limit while holding 6 constant one recovers the fluxbranes. Thus, one expects 
these AdS analogs of fluxbranes to decay semiclassically. Moreover, since the instan- 
ton in the fluxbrane decay involves an analytic continuation of the Kerr black hole, 
it is natural to expect that rotating black holes in AdS will play a similar role for 
quotients by (JH). In other words, the bubbles of nothing constructed in [I] out of the 
Kerr AdS black holes should describe the semiclassical decay of AdS-fluxbranes. 

Field theory dual: In fact many instabilities of flat space, such as the closed 
string tachyon condensation of (e.g., 28J), can be embedded into AdS space using 
the kind of reasoning described above. The reason to do this is the hope that a dual 
field theory description of catastrophic closed string instabilities can be found using 
the AdS/CFT correspondence. In the example of the present paper, the dual field 
theory should be 3Sf = 4 SU(N) super- Yang-Mills at large iV on three dimensional de 
Sitter space times a circle. We know that this is the dual because, as we showed, our 
space can be recovered as the near horizon limit of D3-branes whose worldvolume fills 

8 There are obvious generalisations with more than one rotation parameter. 
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the Milne orbifold. 9 In string theory, as we have discussed, there are two instabilities 
of interest. First, the topological black hole can tunnel into a bubble of nothing 
and second, the bubble that we displayed should have a perturbative instability to 
localization on the S 5 . We expect that Yang-Mills theory has a suitable effective 
potential with a false vacuum describing the topological black hole. Tunneling out of 
this false vacuum should describe the appearance of the bubble of nothing. Since the 
bubble we describe is delocalized on S 5 , the tunneling process should involve singlets 
of the 50(6) R-symmetry of the Yang-Mills theory. By contrast, the perturbative 
localization instability breaks SO (6) and should involve rolling in a direction of field 
space that breaks R-symmetry. In all of this it is crucial that the Yang-Mills theory 
breaks supersymmetry, and that in addition the fermions are anti-periodic around 
the circle in the background geometry. What is more, since the flat space limit leads 
to the classic decay of the Kaluza-Klein vacuum in 10 dimensions, we expect that 
the analogous scaling in the field theory leads to a new description of the decay of 
flat space. Since the limit involves focusing on the deep interior of the spacetime, 
by the UV/IR correspondence in AdS/CFT, we should expect only the deep infrared 
physics of the Yang-Mills theory to contribute. Since the theory is defined on a 
compact space, it is possible that the relevant infrared limit results in a matrix model 
reduction. The first step to achieving these results is to identify the correct degrees 
of freedom for which an effective potential should be computed. To this end, it is 
intriguing that the Euclidean continuation of our CFT setup is precisely the thermal 
Yang-Mills theory (on S 3 x S 1 ) that is relevant for the Hawking-Page transition; we 
are in effect considering a novel analytic continuation and dynamical interpretation 
of the free energy that appears in the thermal setting. Recent attempts to compute 
this free energy have focused on the Polyakov loop as an order parameter for the 
Hawking-Page transition [29*1 |3U1 This cannot be the complete story for us, 

since the Polyakov loop is a singlet under the R-symmetry and cannot account for 
the localization effect that is important here. In any case, these free energies are 
computed at weak coupling and, in the absence of supersymmetry, it is not obvious 
that the results continue to strong coupling in a simple way. Regardless, this is an 
intriguing possibility for future work. 10 
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A Flat limits of AdS quotients 

It is well-known that there exist two inequivalent Inonu-Wigner contractions of the 
conformal algebra so (2, p). One contraction gives rise to the Poincare algebra so (l,p) x 
R 1,p ; the second to the symmetry algebra of some suitable pp-wave. At a purely alge- 
braic level, these contractions correspond to non-trivial scaling limits of the generators 
of a given algebra, keeping its structure constants finite. Since these algebras can be 
realised as isometry algebras of spacetime metrics, the corresponding contractions 
can be realised geometrically. For the pp-wave geometry this corresponds to the so 
called Penrose limit of AdS, whereas for Minkowski spacetime, it corresponds to the 
flat limit of AdS. 

Let us review the latter. Given global AdS p+ i 

9Ads P+1 = Rids [ cosn2 P dT<2 + d P 2 + sinh2 P 9SP- 1 ] , 

where g S p-i stands for the metric of a unit radius (p — l)-sphere, the flat limit cor- 
responds to sending i?Ads oo while keeping the metric finite. This is achieved 
by 

t V 

i?Ads -> oo , r -> — , p -> — t, r fixed 

-rtAdS -rtAdS 

Since we are interested in studying the behaviour of the symmetry algebra under 
such limits, it is convenient to describe AdS p+ i in terms of an embedded hyperboloid 
in R 2 'P 

-(- 1 ) 2 - (* 2 ) 2 + i> 1 ) 2 = ^ , 

i=3 

where the isometry group SO(2,p) acts linearly. The connection among these carte- 
sian coordinates and global coordinates is 

x 1 = i?Ads cosh p cos r , 
x 2 = i?Ads cosh p sin r , 
x % = i?Ads sm hpa;* i — 3,...,p + 2 

where {x 1 } parameterise a unit (p — l)-sphere. Given the one-to-one correspondence 
among elements of the algebra so(2,p) and the two forms e mn = x m d n — x n d m , it is 
evident that given our choice of {x 1 , x 2 } plane in the above parameterisation, 11 the 
set of generators {e mn } behaves as follows in the flat limit defined above: 

ei2 -> d t , e u -> di , e 2 i -> tdi + x l d t , -> , (39) 
1:L There exist others related by an so (2) transformation rotating both timelike axes. 
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after taking into account appropiate rescalings. The above transformation is a geo- 
metric realisation of the abstract algebraic contraction. 

Given a quotient of AdS generated by the action of the Killing vector £ associated 
with the form e a b, the isometries {£ a } preserved by the quotient space are those that 
commute with the Killing vector ([£, £ Q ] = 0). Clearly, if £ commutes with the so (2) 
transformation rotating both timelike axis, there will exist a single flat limit. On 
the contrary, if the generator of the quotient does not commute with such "timelike" 
rotations, there will be two inequivalent flat limits, as seen in the present work. To 
identify the quotient of Minkowski spacetime that one would be left with after the flat 
limit, one just has to identify the behaviour of the generator £ under the corresponding 
flat limit. Thus, for example, consider the generator of the topological black hole in 
five dimensions 

£ = x l d G + x & d 1 . 

The first flat limit corresponds to sending x 2 — > t, and x 1 — > Ra&s, as we did above. 
Thus, d\ becomes a trivial operator, and the finite limit of £ becomes a spacelike 
translation. The corresponding quotient is the one giving rise to the Kaluza-Klein 
vacuum. The second flat limit is inequivalent to the first one since the topological 
black hole breaks the symmetry of rotation among the two time axis in IR 2,4 . It is 
achieved by x 1 — > t and v — > i?Ads- In this case, £ becomes a boost generator of the 
Lorentz group SO(l,4), giving rise to the boost orbifold of Minkowski spacetime in 
five dimensions. 

The same discussion would apply for any generator in SO(2,p) in any dimension. 
Given the classification of all inequivalent abelian quotients of AdS p+ i |Hj, it is 
fairly simple to establish a connection between their flat limits and the classification 
of abelian quotients of Minkowski spacetime in arbitrary dimension |T3] by using 
the dictionary and identifying the conjugacy class to which they belong. We 
summarise the relation among the building blocks of the different quotients one could 
consider before and after the flat limit in table ^ 

B Brane probes 

In this appendix, we study the force felt by a brane in the presence of the topological 
black hole. We use a coordinate system for the topological black hole that only covers 
the region outside the horizon: 

= tanh 1/2 p x^ , x^x v rj^ = 1 . 
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Minkowski 


AdS 


e/z n 




R/Z = S 1 


e u 


R^/Z 


en 


R t /Z 


ei2 


R^/Z 


ei3 - e 34 



Table 1: Dictionary between generators of abelian quotients in AdS and their corre- 
sponding flat limits, giving rise to conical singularities (C/Z n ), spacelike and timelike 
circles (R/Z, R t /Z), the boost orbifold (R^/Z) and the null-rotation orbifold (R 1,2 /Z). 
Linear combinations of the latter can give rise to ffuxbranes and nullbranes, with their 
corresponding images in AdS. 

Thus {x^ 1 } parameterises de Sitter space in three dimensions whereas p G (0, oo). 
The metric is 



fftop 



4-RidS 



(1 - tanhp)' 



tanh p gds :i H o— dp 2 

4 sinh p cosh p 



2 ' 1+tanh ^ ^. (40) 



1 — tanh p 



Whereas the dilaton is constant, the five- form field strength inn the AdS directions 
is 

(1 + tanhp) 2 



'(5) 



-4^Ads r + h - ^hp)4 t&nh P d P A dvo1 dS s A rf X , 



from which we extract the four form potential 

tanh 2 p 



C( 4 ) = -2^3 r+ _ tanh ^4 dv o! ^3 A rfx , 



(41) 



(42) 



In these coordinates, it is natural to consider D3-branes whose worldvolumes are 
dS 3 x S 1 , located at a fixed radial coordinate p. One can then compute the force 
felt by these D-branes as a function of the location p. A straightforward calculation 
shows that the associated potential is 

. i _ ., / — tanhp 

V±(p) = 2T m Rl dS r+ V-det^s (1 _ tan h p) 4 



{4 tanh 1/2 p (1 + tanhp) ± tanhp} , (43) 
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Here ± refers to the potential felt by branes and anti-branes respectively. In both 
cases, the probe will fall into the horizon if released, indicating that these branes are 
not stable. 

Note that the probe branes described above are not the same as the branes filling 
the Milne orbifold whose near-horizon limit gives (a patch of) the topological black 
hole. In the coordinates used in this section, those latter branes would have radial 
velocity, i.e. dp/dt ^ 0. 

B.l Bubble probe 

Branes can also probe the bubble of nothing spacetime (|31|) . The relevant four-form 
potential components are 

C(4) = r * dvol dS 3 x d X • (44) 

o 

As before, we can compute the potential that a D3-brane feels when located at a fixed 
r, the answer being 

where the minus would stand for an antiD3-brane. In the physical region r > r^, 
the potential felt by a D3-brane grows as a function of r, which means that the 
probe will fall towards the bubble wall if released. The same conclusion is reached 
for anti-D3-branes. 

C Mass computations 

We will follow the techniques in ^H] to compute the mass of the topological black hole. 
First identify N 2 (r) = R\ dS / (r 2 — r^) as the radial lapse function in the Schwarzschild 
metric (JTTJ). Defining r = r + t/i?Ads, this metric is 

ds 2 = N(r) 2 dr 2 + (r 2 - r 2 )^ (-dr 2 + cosh 2 r[dQ 2 + sin 2 Ochp 2 )) + r 2 d X 2 - (46) 

The middle terms (multiplied by (r 2 — r 2 )) describe the 3d de Sitter spacetimes 
on each radial slice. These geometries can be written in coordinates appropriate to 
inertial de Sitter observers (see, e.g., the review J2|) giving 

= N 2 dr 2 + <| _ f )d e + -^—dp 2 + p 2 d6 2 ) + r 2 d X \ (47) 

r\N A \ 1 — p 1 J 

S v ' 

7ij =boundary metric 
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where < p < 1 and < 6 < 2ty. This metric does not cover the entire boundary 
geometry, but is manifestly static so that the eigenvalue of d t will be conserved. 

According to JH] the boundary stress tensor at a position r is given terms of the 
extrinsic curvature of the boundary (Oy) and its intrinsic Einstein tensor (Gy) as: 

r i7 - = ( e l7 - - e 7 , ? - -^-7« - ^^g^- ] (48) 

J 8ttG V ^Ads 2 7 v ; 

In our case the extrinsic curvature is 

©ii = -K]y7ij,r, = t, p, 9, x) • (49) 

We then find the boundary stress tensor in static coordinates on a fixed r surface: 



We choose a spacelike surface E on the boundary DM: t = const. The metric on £ 
is 

dsl = ^§j-^— 2 dp 2 + 4%P 2rf © 2 + ^ rf X 2 . (54) 

^ r\N 2 l-p 2 r\N 2 y ' 

R 2 I 

Let = Nd^t = T^fv 1 — P 2( V ^ e a un ^ vector in dM normal to E. Then the 
mass of the spacetime is 

M = J dPx^Nu^T^, (55) 
where a = det(ffe)- This gives 

= -^G r+i? Ads- (56) 
A similar computation in Schwarzschild coordinates (jllj) give: 

M t s c p h ol = - ^id S r + cosh 2 ^- (57) 
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